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Amplification of Fluctuations in Superconductors above T,
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We calculate the contribution of fluctuating Cooper pairs to the electronic spin susceptibility of a super-
conductor for temperatures larger than the transition temperature 7. If paramagnetic impurities are
added to the sample, this results in fluctuations in the impurity spin susceptibility. It is shown that through
this mechanism, fluctuations in the electronic spin susceptibility are amplified to such an extent that in the
dirty limit they should become the dominant correction to the total susceptibility.

I. INTRODUCTION

HE subject of fluctuations in superconductors
above the superconducting transition tempera-

ture 7. has been of considerable interest over the last
few years. After the experimental observations of fluctu-
ations in the electrical resistivity by Glover,! it was
shown by Aslamazov and Larkin? how fluctuations can
be treated by microscopic theory, at least at tempera-
tures where they are small and their mutual interaction
can be neglected. Some aspects of a microscopic theory
can be described by various phenomenological ap-
proaches.’~% However, all those approaches have the set-
back that they describe the dynamical aspects of the
theory incompletely.” After the detection of fluctuations
in the resistivity, they were predicted and found in such
quantities as the diamagnetic susceptibility®#° and the
tunneling density of states.’%:!! All these physical quanti-
ties have the property that, in the framework of the
BCS theory, they change discontinuously by going from
the normal to the superconducting state. The aim of the
present paper is to show that, under certain circum-
stances, one can amplify the superconducting fluctua-
tions and detect them, therefore, in quantities in which
they would be unobservable otherwise. The special
quantity which we will deal with is the electronic spin
susceptibility, which changes continuously by going
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through the transition point 7. but which has a dis-
continuity in the derivative with respect to temperature
at T.. The temperature dependence of the fluctuations
above T, is very different from the one of the examples
mentioned above. Especially, the fluctuations do not
diverge at 7' in the approximation mentioned above but
rather behave like (7'—7;)2. This can be seen from the
following simple argument. Below but near 7', the ratio
of the spin susceptibility in the superconducting and
normal state, respectively, is given by

Xs/Xp=1—bn,, (1)

where #, is the density of superconducting electrons and
b is some constant.

As is shown in Ref. 8, the density of superconducting
electrons due to fluctuations for temperatures 7> T, is
given by

ne= (m/m)ksT/cr,

where £gr, is the temperature-dependent Ginzburg-
Landau coherence length proportional to (7'—7.)~Y2
Thus, we expect that, above 7', fluctuations lead to a
temperature-dependent contribution X,’~ (T'—T )2
As discussed in this paper, one should normally not see
experimentally X,’. However, one can amplify X,/ by
adding magnetic impurities to the sample. Since those
impurities interact via conduction electrons, the fluctua-
tions in the electronic spin susceptibility lead to
fluctuations in the impurity spin susceptibility which
are large enough to be observed.

In Sec. II, we compute the quantity X,”, while, in
Sec. III, we give a discussion of X,7, its amplification by
magneticimpurities and possible experimental detection.

T>T, (2)

II. COMPUTATION OF X,/

In order to calculate the fluctuations in the electronic
spin susceptibility above 7', we use the connection be-
tween the susceptibility and the spin-spin correlation
function (Kubo’s equation). A detailed presentation of
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(a) (b)- (c)

F16. 1. Lowest-order contributions of fluctuations to the elec-
tronic spin susceptibility. Solid lines denote electron propagators,
wavy lines denote the particle-particle ¢ matrix, heavy dots denote
renormalization factors due to impurity scattering, and dashed
lines connect impurity scattering events (crosses) at the same
impurity site.

this connection is given, for example, in Refs. 13 or 14.
The lowest-order contributions of fluctuations to the
spin susceptibility are given by the three types of
diagrams shown in Figs. 1(a)-1(c). We proceed now in
calculating these diagrams. Let us first consider diagram
1(a). The solid lines which describe electrons correspond
to the propagator

G(p:wn) = (7":)11_ 611)—1 . (3)

Here, e,=vr(p—pr) and @, is the frequency, re-
normalized for impurity scattering. We have

@n=w,+ (1/27')7"'”“’”[ s 4)

where 7 is the mean free time due to impurity scattering
and w,=27T (n+3).

The tilde in the above diagram represents the particle-
particle ¢ matrix in the presence of nonmagnetic and
magnetic impurities. One can obtain this { matrix very
easily from the linear part of the corresponding gener-
alized Ginzburg-Landau equation (see, for example,
Ref. 15). Since we will restrict our following considera-
tions to the dirty limit in which the mean free path is
much smaller than the coherence distance, we will give
an expression for the ¢ matrix in that limit only. One
obtains

N(0)*
t(Qyﬂﬂ) = (

1 _'de o (% +Pc)

X . (5
1+ (w/8T)C|Qo| +(xD/8T ) CQ*
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Here we have introduced the following quantities:
n=(T—T,)/T., Qo=2nTny, D is the diffusion constant
given by D=7v*/3, N(0) is the electronic density of
states for one spin, and
YO G+o)
YO1—pt® (G+p.)]

YWD (2) is the trigamma function and p, denotes the
pair-breaking parameter due to the presence of mag-
netic impurities. It can be obtained by measuring the
ratio 7'¢/T o, in which T, and T are the transition
temperatures in the presence and absence of magnetic
scattering centers, respectively. The following relation
holds:

(6)

ln(To/Tco)+‘p(%+Pc)—%‘/’=0 (7)

It should be noted that C is the same factor which
enlarges the fluctuations above 7' in the resistivity due
to pair breaking.16:*” The dots in Fig. 1(a) at the end of
the fluctuation line denote vertex renormalization fac-
tors due to impurity scattering. One obtains, in the
standard fashion,

1/

%an—Qo = 5
7[Q,5( )] | L Tot DO
Wy (W, —0)>0
wn(wa—0)<0. 8)

=1?

The dashed line in Fig. 1(a) represents the scattering
of electrons by nonmagnetic as well as magnetic im-
purities. In calculating X,,, a whole ladder of impurity
lines has to be summed. This leads to an additional
renormalization factor. We are now in the position of
writing an analytic expression /; for diagram 1(a). We
obtain

0L=4T23 % daQ/—dsiG% )
TS o) @ T

XG(—p+Q, —wn+Q0)1(Q,20)
X{n[Q, 3(2wa—)J}*.  (9)

The factor 4 results from the spin sum and from taking
into account that the tilde can also appear on the right-
hand side of the diagram. We perform first the d%p
integration and obtain

I,=—8rTN(0) X > /

aQ
1(Q,0)

Q0 on (27[')3 ’

X{1[Q, 3 (20, —00) J}* sgnw, 0(wn (wa—0))
outGn
X —
L(Qur)*+(@n+Qa)* T
16 H. Schmidt, Phys. Letters 27A (1968). This corresponds to the
special case p,— .
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where Q,=w,— Qo and 0(x) is defined by

0(x)=1,

x>0

x<0. (11
Before doing the d3Q integration, we note that in the last
factor of Eq. (10) we can neglect (Qvr)? compared with
(&,+8.,)2 since the range of integration is determined
by the renormalization factor 5. After performing the
integration, we obtain

32T 3 1
- 2 2 0(wn(wa—))
w*CD l—Pc\[/(l)(%_i_Pc) o on

3T 1 (27rTc)1/2
X J—
16D (|20, —Qy| +4nTo)5?  \ CD

% 1 / +Lclg l>1/2} 12
(|20m—u|+4rTp\ 8T ) |

From now on, we shall be interested only in that term
of the expression I; which is strongly temperature-
dependent near 7. It is given by

1 OG-+
32x3T, 1_pc¢(1) (%+Pc)
YARNE
><<~——> Vit
CD

s

Il=

(13)

The other terms are constant near 7', and, thus, lead to
a renormalization of the zeroth-order diagram.

We proceed now in calculating the diagram shown in
Fig. 1(b). Again, we have to take a sum over the ladder
of dashed impurity lines. However, this time a summa-
tion does not just lead to a renormalization factor, since
there are two vertices between the ends of the impurity
lines. Instead, we can write the contribution of diagram
1(b) in the form

i &Q [ &p
l=2 e (21r)3/ Gy O
20),,,""90 2
X|:77<Q: 2 >:| L(p:Q:w'ﬂ)QO) . (14)

The factor 2 comes from taking the spin sum. The
over-all minus sign takes into account that the elec-
tronic spins at the two o3 vertices have opposite sign.
The quantity L(p,Q,wa, ) is calculated by summing the
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ladder of the impurity lines and is of the form
L=L+L,

=G (D,0n)G(—p+Q, —w.tQ0)+

w7 N (0)
Bp
XE0a)G(-+Q, ot [ G

XGZ(—P‘i“Q; _wn+90){7][@; %(zwn_QO)]} .

In L, we have taken into account that the impurity
lines may run from left to right, as shown in Fig. 1(b),
or from right to left. This leads to a factor of 2. The
integral

(15)

ds
/ 4 G (p,wn)G*(—p+Q, —w,+Q0o) =2wilN (0)
(2m)?

Xsgnw, 0(w, (w,—2))

—. (16)
(Q’UF')LI' (‘:’n+9n>2

If we perform in Eq. (14) the integration over @*p, then
we note that the function L, is identical with the func-
tion 7; in Eq. (10). This connection can be established
by replacing in Eq. (10) sgnw, (@,+&3,)~7"1. The
contribution of L; to 7, can be neglected in comparison
to that of L, since it is smaller by a factor of 77 than
the latter. Thus, we obtain the result

I,=1,. @an

Finally, we have to compute the diagram shown in
Fig. 1(c). However, it is easy to see that this diagram is
equal to zero due to the fact that the spin sum has to be
taken independently for the two triangles. Therefore,
our final result is

Xy’ =—up*X2l, (18)

where I; is determined by Eq. (13). Thus, we have
established that the temperature-dependent part of the
contributions of fluctuations to the spin susceptibility
behaves like (I'—7T.)V? in agreement with the simple
physical argument given in the Introduction.

III. DISCUSSION

If we have a superconductor without any magnetic
impurities, then the total susceptibility above the
transition temperature 7', consists of four parts:

Xiot = xd(0)+xp(0)+xdf+xpf .

(19)

Here X;©@, X,@ denote the normal-state diamagnetic
and paramagnetic susceptibility.
We have

X, @ =2u5*N (0) (20)

and X;@=—1x,©® for the free-electron gas. The sum
XgO4x,©@ is different for different alloys but is ap-
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proximately 10~6-10—". The contribution of fluctuations
to the diamagnetic susceptibility X4/ is given® by

Xy = — (1/67) (e/he)k 5T tcr.. (21)

The contribution of fluctuations to the paramagnetic
susceptibility is given by [see Egs. (18) and (13) with
Pc=0:|

= (xD/8T ") *=¢£/v/n,

1.05 1 1
pr:.— 2 -

B .
71‘3 kBTCEGLg n

(22)

We emphasize again that Eq. (22) is valid only in the
dirty limit. For example, for 7, ~5°K and £=100 A
(500 A), we find X;/~0.8 (4) X 10~8/+/n, X,,/~0.5(0.004)
X1078X/7.

This shows that the paramagnetic contribution of
fluctuations is at least one order of magnitude smaller
than the diamagnetic contribution (for =0.1).

In superconducting Knight-shift measurements, only
the electronic spin susceptibility is detected. Measure-
ments on thin tin films'® which presumably have a very
short mean free path show a characteristic dip in spin
susceptibility just above 7. It is not clear at present
whether or not this dip has anything to do with the
fluctuations calculated above.

As far as the relative size of the fluctuating contri-
bution of the diamagnetic and paramagnetic suscepti-
bility is concerned, the situation is changed drastically
if the superconductor contains magnetic impurities. The
diamagnetic contribution is now changed by a factor
4/C. Thus, we note that pair-breaking interactions do
not influence the diamagnetic contribution of fluctua-
tions very much. The change in the paramagnetic
contribution can be read off immediately from Eq. (13).
In addition to this, we now have to calculate the
fluctuations of the impurity spin susceptibility which
are caused by the changes in the electronic spin sus-
ceptibility. Here we use the Curie-Weiss law given by

Ximpzc()/[T_ (TK(O)+TK(1))]' (23)
Here Cy is the Curie constant of the form
Co= (imp/3k ) (gru5)*S (S+1)

18 G. M. Androes and W. D. Knight, Phys. Rev. 121, 779
(1961).
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and Tx© is the Curie temperature in the absence of
fluctuations in the conduction-electron spin suscepti-
bility. #imp is the volume concentration of magnetic
impurities. Let us assume that Tx©® <7T,. Near 7', the
fluctuations in the electronic spin susceptibility lead to a
shift in the Curie temperature denoted by Tx®. It is
given by
Tx®/Tx® =X,7/X,©. (24)
From Egs. (23) and (24), it follows immediately that
fluctuations in the electronic spin susceptibility lead to
fluctuations in the impurity spin susceptibility of the
size

Ximp((» 1

Ximp/:Xp/ ’
X, (T/Tx®—1)

(25)

where Ximp® equals Xim, for TxW=0. By using the
above numbers for the susceptibility X,/, we can com-
pute Xim,/. We assume, as an example, that the mag-
netic impurity concentration is 19, and that gr=2,
S=1,%,9=10"7, T;=5°K and T,=2.5°K. With these
numerical values, we find

1
Ximp’ =04 X10P———X, /. (26)
(T/Tg®—1)2

This shows that the fluctuations in the impurity spin
susceptibility are two orders of magnitude larger than
the diamagnetic contribution X, if £=100 A. Equations
(25) and (26) show that X;m,,” has two different temper-
ature dependences. One results from X, and is given by
(T/T.—1)Y2 for temperatures larger but close to 7.
The other temperature dependence results from the
Curie-Weiss law and is referenced to the Curie temper-
ature which can be varied according to the impurity
concentration. Thus, a measurement of the total sus-
ceptibility should show marked deviations from the
Curie-Weiss law near the superconducting transition
temperature 7. From the order of magnitude of the
effect, it seems possible to us to measure this predicted
behavior.
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